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Abstract
We associate an iterated amalgam of finite groups to a certain class of fusion systems on finite p-groups
(p a prime), in such a way that the p-group of the fusion system is a maximal finite p-subgroup of the
resulting group, unique up to conjugacy, and, furthermore, the conjugation action of the resulting (usually
infinite) group on p-subgroups induces the original fusion system on the p-group.1 In view of earlier work
of Puig and of Broto, Castellana, Grodal, Levi and Oliver [C. Broto, N. Castellana, J. Grodal, R. Levi,
R. Oliver, Subgroup families controlling p-local finite groups, Proc. London Math. Soc. (3) 91 (2005) 325–
354], the fusion systems we deal with include all saturated fusion systems.
The resulting amalgam has free normal subgroups of finite index, and we examine the images of the
group by its maximal free normal subgroups of finite index; these images all contain (isomorphic copies
of) the original p-group (and are generated by the (images of the) finite groups used in the amalgamation).
If there is no non-trivial normal p-subgroup of the fusion system (equivalently, if the iterated amalgam
constructed has no non-trivial normal p-subgroup), then the generalised Fitting subgroup of each of these
homomorphic images is a direct product of non-Abelian simple groups, each of order divisible by p (and if
there is no proper non-trivial strongly closed p-subgroup in the fusion system, then the generalised Fitting
subgroup of any of these finite groups is characteristically simple).
We note that the (finite-dimensional) representation theory of this amalgam is (almost by construction)
p-locally determined. In the case of the fusion system associated to a p-block of a finite group, we suggest
strong links between block-theoretic invariants of the above finite epimorphic images of the associated
amalgam and of the original block. We believe that the results of this paper offer the prospect of at least
E-mail address: g.r.robinson@abdn.ac.uk.
1 Since this paper was written, we have been informed that I. Leary and R. Stancu are currently writing a paper with a
different construction to realise a fusion system on a finite p-group via a group. Their work and ours are independent of
each other.0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
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(e.g. [J.L. Alperin, Weights for finite groups, in: Proc. Sympos. Pure Math., vol. 47, Amer. Math. Soc.,
Providence, 1987, pp. 369–379; E.C. Dade, Counting characters in blocks, I, Invent. Math. 109 (1) (1992)
187–210]).
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Introduction
Let p be a prime number and let P be a finite p-group. If P is contained in a (not necessarily
finite) group G such that every finite p-subgroup of G is G-conjugate to a subgroup of P , we will
say that P is a Sylow p-subgroup of G (this notion is less general than that used by Aschbacher
and Chermak in [4], but is sufficient for our present purpose). However, we warn the reader that
even when P is a Sylow p-subgroup of G in the above sense, it is not necessarily the case that
a proper subgroup of G need have a Sylow p-subgroup in the same sense (even if the subgroup
is normal, so that arguments such as the Frattini argument are not necessarily available). It is
perhaps worth remarking that when G has a Sylow p-subgroup, every subgroup, H of G has a
unique largest normal finite p-subgroup, denoted (as usual) by Op(H).
Finite group theorists used to working with local analysis will be familiar with the notion of
determining a “fusion pattern” from some subgroup configuration assumed to be realised (typi-
cally) in a finite simple group. Similar considerations arise in block theory. This is formalised by
the notion of a fusion system on a finite p-group P , introduced by L. Puig.
A fusion system on P is a category FP (henceforth denoted F if there is no danger of ambigu-
ity) whose objects are subgroups of P and whose morphisms are injective group homomorphisms
from one subgroup of P into (but not necessarily onto) another satisfying a collection of axioms;
these vary in the literature, but for our present purposes, key properties are the following:
(i) All inner automorphisms of P are morphisms of FP and Inn(P ) is a Sylow p-subgroup of
MorF (P,P ).
(ii) If Q,R are subgroups of P , and φ ∈ MorF (Q,R), then the restricted group homomorphism
ResQU (φ) ∈ MorF (U,R) for each subgroup U of Q. If φ is surjective, then the group homo-
morphism φ−1 ∈ MorF (R,Q). If, furthermore, S,T are subgroups of P with S Qφ and
τ ∈ MorF (S,T ), then the composite group homomorphism φ ◦ τ ∈ MorF (Q,T ).
Whenever Q is a subgroup of P , and FQ is a fusion system on Q with MorFQ(S,T ) ⊆
MorFP (S,T ) whenever S,T are subgroups of Q we say that the fusion system FQ is contained
in FP .
We may also speak without ambiguity of the fusion sub-system on P generated by a collection
of morphisms of F . It is the smallest fusion system on P which contains the given morphisms,
all inner automorphisms on P , and is closed under composition, inversion (where applicable)
and restriction of morphisms as above.
Notice that whenever Q is a subgroup of P , then AutF (Q) = MorF (Q,Q) is a sub-
group of Aut(Q) which contains Inn(Q). The group OutF (Q) is (as usual) defined to be
AutF (Q)/Inn(Q). We say that Q is F -radical if Op(OutF (Q)) = 1.
If Q and R are subgroups of P such that MorF (Q,R) and MorF (R,Q) are both non-empty,
then we say that Q and R are F -isomorphic, or sometimes F -conjugate.
914 G.R. Robinson / Journal of Algebra 314 (2007) 912–923We say that Q P is F -centric if CP (Qφ) = Z(Qφ) whenever φ is a morphism of F whose
domain contains Q. Notice that overgroups (in P ) of F -centric subgroups are also F -centric.
A subgroup Q of P is said to be fully F -normalised if |NP (Q)| |NP (Qφ)| for all morphisms
φ of F whose domain contains Q. A subgroup Q of P is said to be fully F -centralised if
|CP (Q)| |CP (Qφ)| for all morphisms φ of F whose domain contains Q. A subgroup V of P
is said to be strongly closed in P with respect to F if Xφ  V for each subgroup X of V and
each φ ∈ MorF (X,P ).
Puig also introduced the notion of a saturated fusion system, in an attempt to encapsulate the
essential features arising in fusion systems from finite group theory and block theory. Once more,
there are several equivalent formulations of this notion in the literature, and we do not need to
give an explicit definition here, since the substitute notion of an Alperin fusion system (which
includes saturated fusion systems) suffices for our purposes.
Loosely speaking, saturated fusion systems are modelled on the fact that for a given finite
group, the p-Sylow theorems hold in the normalisers and centralisers of p-subgroups.
We will be primarily interested here in fusion systems on P in which the morphisms are
precisely those which are induced by conjugations in a (not necessarily finite) group G which
have P as a Sylow p-subgroup in the earlier sense. We will refer to this as the G-fusion system
on P and say that the given fusion system on P is realised by G. In the case of finite groups, the
full strength of Sylow’s theorem imposes extra conditions on fusion systems, which ultimately
lead to Alperin’s fusion theorem [1] and its stronger variants due to Goldschmidt [8] and Puig
[12]. In fact, the conditions on a saturated fusion system are such that (interpreted suitably)
Alperin’s fusion theorem (and its refinements) hold for saturated fusion systems, as noted in
Broto, Grodal, Castellana, Levi and Oliver (henceforth sometimes referred to as BCGLO for
brevity) [5].
We will say that the fusion system FP =F is an Alperin fusion system if there are subgroups
E1,E2, . . . ,Er of P and (finite) groups L1, . . . ,Lr such that:
(i) Ei = F ∗(Li) for each i (equivalently, Ei = Op(Li) (the largest normal p-subgroup of Li )
and CLi (Ei) = Z(Ei)).
(ii) Li/Ei ∼= OutF (Ei) for each i.
(iii) Pi = NP (Ei) is a Sylow p-subgroup of Li for each i and P1 = P .
(iv) For each i, the Li -fusion system on Pi is contained in the fusion system FP .
(v) The fusion system FP is generated by all the fusion systems of the Li on the respective Pi .
Alperin’s fusion theorem and its various later refinements show that when P is a Sylow p-
subgroup of a finite group G, the G-fusion system on P is an Alperin fusion system in the above
sense. However, even in this case, the Li ’s need not be subgroups of G. Results of Alperin–
Broué [3] and Külshammer–Puig [10] yield that if P is a defect group for a p-block B , then the
fusion system on P induced by the conjugacy of B-subpairs is an Alperin fusion system in the
above sense.
It is a consequence of 4.3 of Broto, Castellana, Grodal, Levi and Oliver [5], that all satu-
rated fusion systems are Alperin fusion systems in the sense above, the key point to note (for
our purposes) being the existence of an extension of OutF (Ei) by Ei with the “correct” Sylow
p-subgroup and fusion system, this extension being unique subject to these properties.
Broto, Levi and Oliver (sometimes with coauthors Grodal and Castellana) have studied ab-
stract fusion systems on finite p-groups from a homotopy-theoretic viewpoint, introducing the
concept of p-local finite groups (e.g. [6,7,11]).
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by any finite group G. Example 3.4 of Levi and Oliver [12], shows that the Solomon fusion
system is one such system, since this fusion system is known to be saturated. In the same work,
Aschbacher and Chermak constructed an infinite group G which realises this fusion system.
Aschbacher and Chermak used amalgams in their constructions. Our constructions below
also use amalgams in an essential way. The key properties of the amalgam construction and
its relationship to fusion which we make use of here are in essence (and inevitably) the same
properties as those used in [4], though we regard our approach as more direct and our main
construction is an iterative one involving forming several (though a finite number) of amalgams.
The iterated amalgam we exhibit could also be identified with a direct limit of a finite collection
of finite groups. However, constructing it iteratively makes its fusion system more transparent
and also illustrates that the direct limit does not collapse.
Another point of departure from the work of Aschbacher and Chermak (and most previous
authors) is that we amalgamate over p-subgroups only. This is (in the first instance at least)
a naive viewpoint, but discarding some of the available identifications ultimately proves to be
an advantage. Furthermore, there is no reason to insist that the groups we amalgamate have a
common Sylow p-subgroup.
The idea of using amalgams and direct limits to “manufacture” groups with desired conju-
gacy properties has a long history (including, for example, the HNN-construction of G. Higman,
B.H. Neumann and H. Neumann, and the construction of infinite groups in which all elements
of the same order are conjugate). In any event, such results illustrate that the category of finitely
generated groups is large enough to exhibit groups with (what might be considered to be) patho-
logical conjugacy properties; this can be turned to advantage when attempting to exhibit groups
which realise a prescribed fusion system on a finite p-group.
Our main aim here is to prove:
Theorem 2. Let FP = F be an Alperin fusion system on a finite p-group P and associated
groups L1,L2, . . . ,Lr as in the definition. Then there is a finitely generated group G which has
P as a Sylow p-subgroup such the fusion system F is realised by G. Furthermore, G may be
chosen so that:
(i) G has a free normal subgroup K of finite index and if r > 1, then any finite normal subgroup
of G is a p-group.
(ii) Whenever Q is anF -centric subgroup of P , the group CG(Q)/Z(Q) is torsion-free, CG(Q)
has a free normal subgroup of finite index, and all subgroups of CG(Q) which intersect
Z(Q) trivially are free.
(iii) If there is no non-trivial subgroup of P which is normal in each of the groups Li (equiv-
alently, if Op(G) = 1), and K of part (i) is chosen to be a maximal free normal subgroup
of finite index, then F ∗(G/K) is a direct product of non-Abelian simple groups, and each
minimal normal subgroup of G/K has non-trivial intersection with PK/K . If, furthermore,
no proper non-trivial subgroup of P is strongly closed in P with respect to F , then G/K
has a unique minimal normal subgroup.
Remark. Some comments are in order. In general, it need not be the case in part (iii) that K
(or even [G : K]) is unique. Also, it is not always the case that PK/K is a Sylow p-subgroup
of G/K . We remark also that while the work of B(CG)LO is directed towards associating a
p-completed classifying space to a saturated fusion system, an issue, which is not, as far as we
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we believe that the group G and its finite homomorphic images as in part (iii) will provide ad-
equate substitutes for many purposes. For example (except in the degenerate case when some
non-trivial subgroup of P is normal in each Li ), Theorem 2 does naturally associate finite sim-
ple groups to any Alperin fusion system. In the case of groups or blocks, the degenerate case
corresponds to the case when fusion is controlled within the normaliser of a single subgroup or
subpair respectively.
In the definition of an Alperin fusion system, there may be much redundancy. In the familiar
types of fusion system (those arising from conjugacy in finite groups, from block theory, or a
general saturated fusion system) this redundancy can be eliminated in the following sense: in
these cases, there is a natural minimal choice of the Li ’s and Ei ’s, an observation of Puig [12],
building on earlier work of Goldschmidt [8], known as the “essential” subgroups. These have
the additional property that we may label so that L1/E1 either has p′-order, or has a strongly
p-embedded proper subgroup and for i > 1, Li/Ei has a strongly p-embedded proper subgroup
(and we only need one Ei from each F -conjugacy class of such subgroups).
If we take the Alperin fusion system of a finite simple group of Lie type and rank greater than
1 in characteristic p, which is generated by the parabolic subgroups containing a given Borel,
then the essential collection of Li ’s consists precisely of the minimal parabolics containing that
Borel. This is a situation where even the Sylow normaliser is redundant.
In general, we could insist that the fusion system FP is generated by the fusion systems of
the Li ’s on the Pi ’s but not by the fusion systems of any proper subcollection of the Li ’s on
the Pi ’s (we can simply discard Li ’s until this situation is achieved). We say that the Alperin
fusion system is irredundant in that case.
In general, we consider that (at least in the saturated case), the construction of the group G
and its finite epimorphic images as in part (iii) of Theorem 2 offer at least the suggestion of
a beginning for a general “Lie theory” for any fusion system, a theory which Alperin suggests
in [2] should exist for blocks; in particular, there should be such a theory for any prime, for any
finite group (and for any block). The essential Li ’s (for i > 1) play the role of minimal parabolics
(though, in general, they need not all contain P ). We intend to expand on these comments in a
future paper.
When k is the algebraic closure of GF(q) (for some prime q , possibly q = p) G is as in
Theorem 2, and V is a finite-dimensional kG-module, then (since G is finitely generated and
k is a locally finite field), we see that G/CG(V ) is a finite group (without non-trivial normal
p-subgroup if V is irreducible and q = p). The finite-dimensional k-representation theory of G
is determined (because of the amalgam construction) by the representation theory of the Li ’s in
the sense that, given a “candidate” kG-module U , on which each Li acts, we only need to check
that ResPPi (U) yields the same action of Pi as Res
Li
Pi
(U) for each i to know that U has a genuine
kG-module structure. We will return to this issue in more detail in a later section.
We remark also that when q = p and we have a kP -module V with a group homomorphism
φi :Li → Aut(Endk(V )) for each i such that each φi restricts to Pi in a fashion compatible with
the action of P on V , then we obtain an irreducible projective representation of G (in Schur’s
sense).
In a more speculative mode, and continuing the spirit of some of our earlier work in block
theory, e.g. the paper [9] by Kessar, Linckelmann and the present author, and [13,14], which we
consider indicates that natural numerical block theoretic invariants should be determined by the
fusion of the block, and certain associated 2-cocycles, we suggest the following:
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fusion system on the B-subpairs (with the H -conjugation providing morphisms). Then one of the
following occurs:
(i) There is a B-subpair (Q,bQ)  NH(P,bP ) with Q 	= 1 such that, setting B∗ to be the
unique block of NH(Q,bQ) lying over bQ, there is a defect preserving bijection between
complex irreducible characters of B and complex irreducible characters of B∗, such that,
furthermore, we have (B) = (B∗).
(ii) Letting G be constructed from F as in part (iii) of Theorem 2, there is at least one choice of
free normal subgroup K of G such that, setting H ∗ = G/K , there is a block B∗ with defect
group (naturally identified with) P ∗ of a central extension of H ∗ by a cyclic p′-group such
that there is a defect preserving bijection between complex irreducible characters of B and
complex irreducible characters of B∗, such that, furthermore, we have (B) = (B∗).
A crucial step in the proof of Theorem 2 is the rather general Theorem 1 below: this is a
procedure whereby a fusion system on a finite p-group P may be amalgamated with a fusion
system on a subgroup Q of P , when these are realised by groups G and H respectively. The
resulting “amalgamated” fusion system on P is realised by the amalgam G ∗Q H .
Our result here is:
Theorem 1. Let G be a group which has a Sylow p-subgroup P and H be a group which has
a Sylow p-subgroup Q for some subgroup Q of P . Then the group K = G ∗Q H has a Sylow
p-subgroup P , and the K-fusion system on P is precisely that generated by the G-fusion system
on P and the H -fusion system on Q.
1. General properties of amalgams
Let A,B be groups with a common subgroup C. Let G = A ∗C B , where the amalgam is
formed using the two inclusions. Then A and B may be identified with subgroups of G so that
A ∩ B = C. For the basic facts about the structure of amalgams which we may make use of
without further reference, we refer the reader to Serre [16].
The next lemma allows us to pinpoint precisely how G-conjugacy of subgroups of A and B
is effected.
Lemma 1. Let X be a subgroup of A and g ∈ G\A such that Xg ⊆ A or Xg ⊆ B . Write
(as we may) g = a0b1a1 . . . bsasb∞, where ai ∈ A\C for 1  i  s, bi ∈ B\C for 1  i  s,
a0 ∈ A,b∞ ∈ B . Set X0 = Xa0 , Y1 = Xb10 , X1 = Ya11 , Y2 = Xb21 , etc. Then 〈X0,Xi, Yi : 1 
i  s〉 ⊆ C.
Proof. The form of reduced words in G tells us that a product w of elements of G whose succes-
sive terms are in alternate members of {A,B}, and which all lie outside C, itself lies outside C.
Hence if such a product has length greater than 1, it even lies outside either of A or B (for exam-
ple, if the product w equates to the element a of A\C, we may suppose that the rightmost term of
the given product expression for w lies in B\C, in which case the extended product expression
wa−1 cannot represent the identity (certainly an element of C)).
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either b∞ ∈ (B\C) or b∞ = 1. In either case, if there is some element u ∈ Xa0\C, the fact that
b−1∞ . . . a−11 b
−1
1 ub1a1 . . . bsasb∞
lies in A or B contradicts the result just established. The same argument produces a contradiction
if a1 is present and Xb10 is not contained in C. We now proceed inductively and arrive at the stated
conclusion. 
Remarks. (i) Lemma 1 allow the use of amalgams to construct groups G in which Sylow’s
theorems fail, even when all finite p-subgroups of G have bounded order. For if G = A ∗C B
is an amalgam as above, we conclude that a subgroup X of A which is not A-conjugate to a
subgroup of C cannot be G-conjugate to a subgroup of B . It is also known (see Theorem 4.3.8
of [15]) that every finite subgroup of G is conjugate to a subgroup of A or of B . So if (for any
prime p), we take A and B to be cyclic of order p and C to be trivial (so that G is just the free
product of two groups of order p) we see that A and B are maximal finite p-subgroups of G
which are not conjugate in G.
(ii) We also note that the lemma places restriction on normalisers and centralisers of subgroups
of A (and likewise, by symmetry, B). For when X A with no A-conjugate of X contained in C,
we conclude that NG(X)A.
Our next lemma will be used later to exhibit free normal subgroups of finite index of amalgams
we will construct. It is an algebraic substitute for some geometrical and topological constructions.
Lemma 2. Let A,B be groups with a common finite subgroup C. Let H be a subgroup of A con-
taining C. Suppose that there are homomorphisms φ :A → Sn and ψ :B → Sm with respective
kernels K,L such that H ∩ K = C ∩ L = 1. Then (identifying H with the corresponding sub-
group of A∗C B) there is a homomorphism θ :A∗C B → Slcm([A:K],[B:L]) such that H ∩ker θ = 1.
Proof. We may embed A/K in S[A:K] by using its regular representation. Similarly, we may
embed B/L in S[B:L]. In these new permutation representations, H and C respectively are acting
freely (or semi-regularly in group theoretic terminology). Setting  = lcm([A : K], [B : L]), and
taking a direct sum of /[A : K] copies of the first permutation representation and /[B : L]
copies of the second gives us homomorphisms α :A → S and β :B → S which may be taken
to agree on C. By the universal property of the amalgam, there is a common extension of α and
β to a homomorphism θ :A ∗C B → S and clearly H ∩ ker θ = 1 as H acts freely. 
2. Proofs of theorems
Proof of Theorem 1. We set K = G ∗Q H (the sum of G and H with Q amalgamated, in the
terminology of [15]). By (the corollary to) Theorem 4.3.8 of [15] (and using Sylow hypotheses on
P,Q in G,H respectively), we see that every finite p-subgroup of K is conjugate to a subgroup
of P ; in other words, P is a Sylow p-subgroup of K in the earlier sense.
Identifying G and H with subgroups of K , we note immediately that the K-fusion system
on P includes that generated by the G-fusion system on P and the H -fusion system on Q. We
need to establish that it contains no more than this.
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are elements of G\Q such that Xh1g1...hrgrhr+1 is contained in G, then all of the intermediate
subgroups X,Xh1,Xh1g1, . . . ,Xh1g1...hrgrhr+1 are contained in Q (we allow the possibility that
r = 0, in which case no element of G appears in the product, and a single element of H ).
Now let X be a non-trivial subgroup of P , and suppose that 〈X,Xu〉 ⊆ P for some u ∈ K .
We need to show that conjugation by u is in the fusion system generated by the fusion system
of G on P and the fusion system of H on Q. If u ∈ G, there is nothing to do, so suppose
that this is not the case. Then there are (possibly identity) elements g−∞, g∞ ∈ G and elements
h1, g1, . . . , hr , gr , hr+1 with each gi ∈ G\Q and each hi ∈ H\Q (again, r = 0 is allowed, in
which case it is understood that u = g−∞h1g∞) such that u = g−∞h1g1 . . . hrgrhr+1g∞.
Let X∗ = Xg−∞ . Then 〈X∗, (X∗)h1g1...grhr+1〉 is contained in G, so that (by Lemma 1) all the
intermediate groups X∗, (X∗)h1 , (X∗)h1g1, . . . , (X∗)h1g1...hrgrhr+1 are contained in Q.
Now (if present), the conjugation from X to X∗ is effected within the fusion system of G
on P (since it is effected via conjugation by g−∞ ∈ G). The conjugation from X∗ to (X∗)h1 is
effected within the fusion system of H on Q, and if r > 0, for 1 i  r , the conjugation from
(X∗)h1...hi to (X∗)h1...higi is effected within the fusion system of G on P (since both the originat-
ing subgroup and the terminating subgroup are contained in Q, hence in P , and the conjugating
element is in G) while the conjugation from (X∗)h1...higi to (X∗)h1...higihi+1 is effected within
the fusion system of H on Q (since both the originating subgroup and the terminating subgroup
are contained in Q, and the conjugating element is in H ).
Finally, (if present), the conjugation from (X∗)h1...hrgrhr+1 to (X∗)h1...hrgrhr+1g∞ is effected
within the fusion system of G on P (since the originating subgroup is contained within Q,
hence in P , while the terminating subgroup (which is Xu) is contained in P , and the conjugating
element is in G). This completes the proof of Theorem 1. 
Proof of Theorem 2. Given that F = FP is an Alperin fusion system via the associated
groups L1, . . . ,Lr , with respective normal p-subgroups E1,E2, . . . ,Er , and respective Sylow
p-subgroups Pi (each contained in P = P1), we inductively define groups Ki which (via The-
orem 1) each have P as a Sylow p-subgroup as follows: K1 = L1 and for 1  i  r , we set
Ki+1 = Ki ∗Pi+1 Li+1. We set G = Kr .
Repeated applications of Theorem 1 yield that the G-fusion system on P is precisely FP .
We claim that whenever Q P is F -centric, CG(Q)/Z(Q) is a torsion free group. First of all,
if y ∈ CG(Q) has finite order, then Q〈y〉 is contained up to conjugacy in some Li . Hence we
may suppose that Q Pi for this i and that y ∈ CLi (Q). Notice that CPi (Q) = Z(Q) since Q is
F -centric. Replacing Q by an Li -conjugate if necessary so that Pi contains a Sylow p-subgroup
of QCLi (Q), and using the fact that F ∗(Li) = Ei , a now standard argument yields that CLi (Q) is
a p-group, so, in fact CLi (Q) = Z(Q). Hence we have y ∈ Z(Q). Thus CG(Q)/Z(Q) is torsion
free. Since G is an iterated amalgam of finite groups, all its torsion free subgroups are free. Any
finite normal subgroup N of G is conjugate to (hence contained in) some Li . If r > 1, then by
the remark following Lemma 1, N must be a p-group, since G = NG(N).
For part (i) note that, by Lemma 2, there is a normal subgroup K of G with K ∩ P = 1 and
[G : K] finite. Since all elements of order p in G are conjugate to elements of P and all elements
of finite order in G are contained in a conjugate of one or more of the Li ’s, we see that K ∩Li is
a (finite) normal p′-subgroup of Li for each i, so is trivial since F ∗(Li) is a p-group for each i.
Hence K is free, by 4.3.8 of Serre [16].
If we assume that K is maximal subject to being normal and free of finite index, then whenever
K <N G, we must have P ∩N 	= 1, otherwise the argument just used for K yields that N is
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group G/K . Now
1 	= (P ∩N) ∼= (P ∩N)/(P ∩K) ∼= K(P ∩N)/K N/K,
so that N/K is not a p′-group. Suppose that N/K is an elementary Abelian p-group, and set
U = P ∩N  P , which is also elementary Abelian (and is non-trivial).
Choose any one of the subgroups Li given by the Alperin fusion system. For ease of notation,
set L = Li and E = Op(L) (= Ei).
Now
N ∩L ∼= (L∩N)/(L∩K) ∼= K(L∩N)/K N/K,
so that L∩N is an elementary Abelian p-group. Since N G, we see that L∩N E = Op(L).
Since G realises the fusion system F , we have
NG(E)/ECG(E) ∼= OutF (E) ∼= L/E.
Since
(
L∩ECG(E)
) = ECL(E) = E,
we see that NG(E) = LCG(E).
We claim that U L. It suffices to prove that U E, for then
U = P ∩N ∩L = P ∩E ∩N ∩L = E ∩N ∩LL.
Since EU is a finite p-group, it suffices to prove that NU(E)  E, for then NEU(E) =
ENU(E)E, so E = EU .
Since U is an Abelian normal subgroup of P , we know that [E,NU(E)] (U ∩ E) (L ∩
N)L. Now
[
L∩N,NU(E)
] = [L∩N ∩ P,NU(E)
]

[
U,NU(E)
] = 1.
Hence NU(E) centralises the normal series of p-subgroups 1  (L ∩ N)  E of NG(E) =
LCG(E). Thus (ENU(E)CG(E))/ECG(E) is contained in Op(NG(E)/ECG(E)) = 1.
Thus
ENU(E)
(
ECG(E)∩EU
) = ECUE(E)ECP (E) = E,
as required.
Thus we have shown that every minimal normal subgroup of G/K is a direct product of
non-Abelian simple groups, each of order divisible by p.
Notice that whenever M is a normal subgroup of G strictly containing K , then V = M∩P 	= 1
by the choice of K , and V is strongly closed in P with respect to G (for the benefit of the reader,
we recall that this means that V g ∩P  V for all g ∈ G). Hence if no proper non-trivial subgroup
of P is strongly closed in P with respect to G, we conclude that G/K has a unique minimal
normal subgroup, which contains PK/K . 
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Let F = FP be an Alperin fusion system with associated groups L1,L2, . . . ,Lr . For each i
let Pi be a Sylow p-subgroup of Li with Pi  P = P1 for each i. Set Ei = F ∗(Li) = Op(Li)
for each i.
Let G be the iterated amalgam
(
. . . (L1 ∗P2 L2) ∗P3 L3
) ∗ . . . ) ∗Pr−1 Lr−1
) ∗Pr Lr .
Then we see inductively that given a group M and group homomorphisms φi :Li → M for
1 i  r with
ResLiPi (φi) = Res
P1
Pi
(φ1)
for each i, there is a unique group homomorphism φ :G → M which extends each φi (this
justifies our earlier statements about G being identified with a direct limit).
We wish to begin the study the finite-dimensional kG-modules. Notice that if H is a finite
group generated by subgroups Mi : 1 i  r such that for each i there is a group epimorphism
αi :Li → Mi with ResP1Pi (α1) = Res
Li
Pi
(αi), then H is an epimorphic image of G.
We allow the possibility that U = Op(G) 	= 1. We remark that U Ei for each i, since
NU(Ei)EiCG(Ei)/EiCG(Ei)Op
(
NG(Ei)/EiCG(Ei)
) ∼= Op
(
OutF (Ei)
) = 1.
Theorem 3. For each i, let Hi be a p′-subgroup of Li , and let t = lcm{[Li : Hi]: 1  i  r}.
Then there is a group homomorphism φ :G → St whose kernel is a free group.
Proof. By a now familiar argument, it is enough to construct the homomorphism φ so that kerφ
has trivial intersection with P . Let Ω = {1,2, . . . , t} and let each Li act as it would on the direct
sum of t/[Li : Hi] copies of the permutation module of Li on the cosets of Hi . Since P = P1
acts semi-regularly, and each Pi does, we may label the points so that each Pi acts in the manner
determined by regarding it as a subgroup of P1. By the remarks preceding the theorem, Ω now
has the structure of a G-set. Since the action of P is free, the kernel of the action is a free normal
subgroup of finite index. 
Remarks. We will see presently that the transparent situation above is typical of the case when
we have a collection of projective modules (in characteristic p) for the respective Li . However,
in general, there is no need to insist on free action of the Pi , we only need a faithful action of P
which restricts to the action of the Pi on the given Li -module (or Li -set). The following example
may be illuminating, and illustrates that PK/K need not be a Sylow p-subgroup of G/K in
Theorem 2.
Example. Let P be a dihedral group of order 16. If we consider the 2-fusion in a group H 	=
O2(H) with P as a Sylow 2-subgroup, then the Li ’s we obtain are L1 = P and L2 = S4. Hence
G may be taken to be the amalgam S4 ∗D8 P in this case.
It is shown in [15] That for every prime p ≡ ±1 (mod 16), the group PSL(2,p) occurs as
an epimorphic image of G (and that the kernel K = K(p) is a torsion free normal subgroup,
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given there easily yields that NG(P ) = P . For appropriate choices of p, the Sylow 2-subgroup
of PSL(2,p) may be chosen to be dihedral of any specified order greater than 16.
In that case, K is a maximal normal subgroup of G, and setting G = G/K , we see that
[NG(P ) : PCG(P )] is even, so that certainly NG(P ) 	= NG(P ). We must conclude that KP has
more than one conjugacy class of maximal 2-subgroups, and that the Frattini argument is not
available in NG(KP).
We now let k denote the algebraic closure of GF(p). We next mention a remarkable
representation-theoretic property of G. When V is a kG-module, we let CG(V ) denote the kernel
of the action of G on V . As remarked earlier, [G : CG(V )] is finite if V is finite-dimensional,
since k is a locally finite field and G is finitely generated.
Theorem 4.
(i) For 1 i  r let Xi be a finite-dimensional projective kLi -module, and suppose that all Xi
have equal dimension. Then there is a kG-module X such that ResGLi (X)
∼= Xi for each i.
Furthermore, CG(X) is a free normal subgroup of G of finite index.
(ii) For each i, let Vi be a simple kLi -module. Then there is a finite-dimensional simple kG-
module V such that for each i, soc(ResGLi (V )) is isomorphic to a direct sum of copies of Vi .
Proof. (i) Since Xi is a free kPi -module for each i, we may suppose that Pi has the same action
on Xi as it does on ResP1Pi (X1) for each i. In that case, there is a unique way to extend the action
of the Li on the underlying k-vector space to an action of G on that space. We let X denote the
kG-module so obtained. Then X is a free kP -module, so that CG(X) ∩ P = 1 and CG(X) is a
free normal subgroup of G of finite index.
(ii) Let Yi denote the projective cover of Vi as kLi -module, so that we also have soc(Yi) ∼= Vi .
Let  = lcm{dimk(Yi)}. For each i, let Xi be a direct sum of /dimk(Yi) copies of Yi , and let X be
a kG-module constructed from the Xi as in part (i). Then for each i, soc(ResGLi (X)) is isomorphic
to a direct sum of copies of Vi . Let V be a simple kG-module of X. Then soc(ResGLi (V )) is a
submodule of soc(ResGLi (X)) for each i, so the result follows. 
Remarks. (i) It need not be the case in part (i) that X is projective as kG/CG(X)-module. For
example, if we consider the fusion system realised by M11 for p = 2, we are led to the amalgam
G = GL(2,3) ∗D8 S4. Take X1 to be the projective cover of the trivial module (over k, with
p = 2) for L1 = GL(2,3) and X2 to be the direct sum of two copies of the projective trivial
module for L2 = S4. As above, we may construct a module X for G via these two actions. Now
G/CG(X) is finite, but we claim that the image of P is not a Sylow 2-subgroup of the factor
group.
Suppose otherwise. We note that X may be afforded by a transitive permutation module, so
that G/CG(X) has a subgroup of index 16. In that case, for K a maximal free normal subgroup
containing CG(X), we see that H = G/K has a Hall 2′-subgroup and a semi-dihedral Sylow
2-subgroup Q of order 16. Hence every composition factor of H has a Hall 2′-subgroup, as does
every section of H of order divisible by 16. We also know from earlier arguments that H has
a unique minimal normal subgroup, which is perfect. Hence F ∗(H) is simple. If F ∗(H) does
not have order divisible by 16, then it has a subgroup of index 8, so is isomorphic to a subgroup
of A8. Since it has a Hall 2′-subgroup, we have F ∗(H) ∼= PSL(2,7). But Aut(PSL(2,7)) has a
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we assume some knowledge of the structure of groups with a semi-dihedral Sylow 2-subgroup.
Setting C = CM(t) for t a central involution of Q, we have C 	= O2(C), so that O2(C)/〈t〉 has
a Sylow 2-subgroup of order 4, and a subgroup of odd order of index 4. We must conclude that
C/O(C) ∼= GL(2,3), and that M ∼= M11 or PSL(3,3). But neither of these candidates for M has
a Hall 2′-subgroup, so we have arrived at a contradiction. Thus [G : CG(X)] has order divisible
by 32.
(ii) If F is the fusion system of a finite group of Lie type in characteristic p and the Li ’s
are the minimal parabolics containing a fixed Borel subgroup B , we may take (for each i) Xi
to be the projective cover as kLi -module of the non-trivial summand of the doubly transitive
permutation module afforded by the action of Li on the cosets of B . The module X constructed
in part (i) of Theorem 4 is not uniquely determined up to isomorphism by the isomorphism type
of the Xi ’s (uniqueness requires an explicit choice of action for each Li with compatibility of
the action of the Pi ’s). However, one choice of the module X yields the Steinberg module for the
original group of Lie type.
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